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(Vi`gJL[]dW`«¢a]eg`ViUp`NF\zNFlAaclgVi`gJWMONF`gVX_AG w^v(K¥ dWl5`"bC¢MO[,sWNFY|VXea°egMO[p[]`gJ N­5`NFULegVX[]U [c«º`gJLN
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¢hWVi` £[]lg,ViUW\oWlNq_FVXegVX[]U2pa`4b¢UpdWM3h*NFl£VXe£[c«µ`gJLN(«¹[]lgM
x = ±mx ·2ex
(JLNFlN`gJLNMacU`gVXee¯a
mx ∈ [1/2, 1[
VXe
`
¢hWVi`OYX[]UW\DacULs `gJLN¾N­,o*[]ULNFU`
ex
VXeOacU ViU`NF\zNFlb¥ !N¾N­,o*Nq_F`acYiY(«¹[]dWl
h"a]eVX_:`"b[]o7NFlac`gVX[]ULe`[Dh7N§_q[]lglNq_F`gYif ViM¡oWYXNFMONFU`Nqsµ»`gJLN§lNF`gdWlgULNqs©}^acYidLN
o(a
[]o
b)
«[]l
[]o ∈ {+,−, /, ∗} VXe `gJLN>_FYX[^eNqeg` `"b¢UdWMh7NFlº`[ (a []o b) ¥*³´U[]dWl _q[]M¡oWYXN­5Vi`facU"acYif5egVXebNsW[¾UL[]`_q[]ULegVXsWNFl3`gJLN_q[^eg`3[c«`gJLNaclgVi`gJWMONF`gVX_[]U`gJLNON­5o7[]ULNFUp`eb»2Vi`3_bacU°h7N_JLNq_zNqs
`gJ"ac``gJLNN­,o*[]ULNFU`eaclN(ViU`NF\zNFle[c«*YXNFUW\^`gJ
O(log(d+log B))
^e[Z`gJ"ac` `gJLN_q[^e` VXe%ViULsWNqNqs
ULNF\^YiVi\^VihWYXN^¥
!Nºa]eegdWMONZ`gJLN lNba]sWNFlVXe(«¹acM¡ViYiVacl(Vi`gJAh"a]egVX_ºacYi\z[]lgVi`gJWM¡VX_º\zNq[]MONF`glgf¾[c«UdWM3h*NFle5G P^P(K¥
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b1, . . . , bd
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G(b1, . . . , bd)
`gJLNFVilR|lacM
Mac`glgV­µV¢¥ N^¥`gJLN
d × d egf,M¡MONF`glgVX_/Mac`glgV­ (〈bi, bj〉)1≤i,j≤d «¹[]lgMONqs hf acYiY `gJLN/ViUWULNFloWl[,s5dL_F`eb¥
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L
J"a]eViU5¤LUWVi`NFYifMacUfYac`g`gVX_qNh"a]eNqeº(JLNFU
dim(L) ≥ 2 ¥±Uf>`´£[ºh"a]eNqe£aclNlNFYac`Nqs`[ºNba]_J[]`gJLNFl hpfOe[]MON(dWUWViMO[,s5dWYacl£Mac`glgV­ABViU`NF\^lacY7Mac`glgV­
[c«sWNF`NFlgM¡ViU"acUp` ±1 acULs°`gJLNFlN«[]lN`gJLNsWNF`NFlgM¡ViU"acUp`O[c«`gJLNR|lacM Mac`glgV­D[c«a¾h"a]egVXe[]UWYif>sWNFo*NFULsWe []U¡`gJLNYac`g`gVX_qN^¥zIJLNejpd"aclNl[,[]`[c«*`gJWVXe sWNF`NFlgM¡ViU"acUp`VXe%`gJLN ( B2=>
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@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Z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`gJLN Yac`g`gVX_qN^¥
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[b1, . . . , bd]
h7N YiViULNbaclgYifViULsWNFo*NFULsWNFU`}zNq_
`[]le¥cIJLN @$=  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[b∗1, . . . , b
∗
d]
VXe acU¡[]lg`gJL[]\z[]U"acYW«¢acM¡ViYif
sWN¤LULNqsAlNq_FdWlegVi}zNFYifAa]e(«¹[]YiYX[be»
b
∗
i
VXe`gJLN3_q[]M¡o*[]ULNFU` [c«
bi
[]lg`gJL[]\z[]U"acY`[O`gJLNºegdWhLeo"a]_qN
eo"acUWULNqshf
b1, . . . , bi−1
¥ !N J"ab}zN
b
∗
i = bi −
∑i−1
j=1 µi,jb
∗
j
(JLNFlN
µi,j = 〈bi, b∗j 〉/‖b∗j‖2
¥
IJLN¬Yac`g`gVX_qN
L
ego"acUWULNqs¨hpfª`gJLN
bi
 eOeac`gVXeg¤"Nqe
vol(L) =
∏d
i=1 ‖b∗i ‖
¥ IJLN§Rºn  «¢acM¡ViYif
sWNFo*NFULsWe|[]U¬`gJLN3[]lsWNFl [c«%`gJLNº}zNq_F`[]leb¥
³¢«%`gJLN
bi
 eaclNºViUp`NF\zNFl}zNq_F`[]leL`gJLN
b
∗
i
 eacULsA`gJLN
µi,j
 eaclN ViU¬\zNFULNFlacY2lac`gVX[]U"acY¢¥
QR  Wz Ä  5
 Ä  IJLNºRºn _bacUh*NeNqNFU¾a]e`gJLN ^ R _ o"aclg`([c«<`gJLN Q ·R «¢a]_F`[]lgVXeac`gVX[]U[c«`gJLNMac`glgV­DlNFoWlNqeNFUp`gViUW\`gJLNh"a]eVXe
[b1, . . . , bd]
2(JLNFlN
Q
VXe>acUª[]lg`gJL[]\z[]U"acYMac`glgV­
BV¢¥ N^¥
Q · Qt = Qt · Q = Id acULs R VXe3YX[£NFl>`glgVacUW\^dWYaclb¥IJWVXe>sWNq_q[]M¡o7[^egVi`gVX[]Uª_bacU¼h7N_q[]M¡oWdW`NqsN^¥ \L¥*(Vi`gJ/`gJLNR|lacM>·n,_JWM¡VXs5`acYi\z[]lgVi`gJWM a]eZsWNqe_FlgVih*Nqsach7[}zN^¥µ³¢«
R = (ri,j)

«¹[]lºacUf
i
£N>J"ab}zN
ri,i = ‖b∗i ‖2
acULs«¹[]l3acUf
i > j
£N>J"ab}zN
ri,j = µi,j‖b∗j‖2
¥µ³´U/(J"ac`
«¹[]YiYX[be5`gJLN U`X= 	  sWNFUL[]`Nqe`gJLN
ri,j
 eacULs
µi,j
 eb¥Ln,[]MON ViU5«¹[]lgMac`gVX[]U¬VXelNqs5dWULsLacU`
ViUVXsWNbacY
aclgVi`gJWMONF`gVX_^hWdW`ViUO`gJLN_q[]Up`N­,`[c«*[]dWl`4b_bacYX_FdWYac`gVX[]ULeVi` VXe dLeN«BdWY"`[ZJ"aq}zN`gJLNFM
acYiYµ`[OM¡ViUWViM¡VibNº`gJLN UdWMh7NFl|[c«%aclgVi`gJWMONF`gVX_[]o7NFlac`gVX[]ULe|acULs¾`gJdLe`gJLN oWlNq_FVXegVX[]UAYX[^eeb¥
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[b1, . . . , bd]
VXe !	 R @$D#BC7!$#(Vi`gJ¬«¢a]_F`[]l
η ≥ 1/2 V«Vi`e Rºn «¢acM¡ViYif/eac`gVXe#¤"Nqe |µi,j| ≤ η «[]l3acYiY j < i ≤ d ¥2±UViULs5Vi}pVXs5d"acY}zNq_F`[]l bi VXeºegVibN¢lNqs5dL_qNqsV« |µi,j | ≤ η «[]lacYiY j < i ¥npVibN¡lNqs5dL_F`gVX[]U°dLed"acYiYiflN«¹NFleº`[ η = 1/2 acULsVXe3`f,oWVX_bacYiYifa]_JWVXNF}zNqs¬hpfegdL_q_qNqeegVi}zNFYif¾egVibN¢lNqs5dL_FViUW\ViULs5Vi},VXs5d"acY2}zNq_F`[]lehpfViUL_FlNba]eViUW\ViULsWN­
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[b1, . . . , bd]
VXe%22*¢lNqs5dL_qNqs(Vi`gJ«¹a]_F`[]l
(δ, η)
«¹[]l
1/4 < δ ≤
1
acULs
1/2 ≤ η <
√
δ
V«2`gJLNh"a]eVXe£VXeegVibN¢lNqs5dL_qNqs(Vi`gJ«¢a]_F`[]l
η
acULsV«<Vi`eRºn ½eac`gVXe#¤"Nqe
`gJLN
(d−1) 2[b}^]eg_q[]ULs5Vi`gVX[]ULe (δ−µ2i,i−1)‖b∗i−1‖2 ≤ ‖b∗i ‖2
](JWVX_JMONbacULe%`gJ"ac` `gJLNR3n 
}zNq_F`[]leULNF}zNFls5l[]o°`[p[¬M3dL_J2¥%npdL_J°h"a]eNqeºJ"ab}zNeNF}zNFlacYdLeN«dWY oWl[]o*NFlg`gVXNqeeNqNHGIJ5DJ5
P^P(KBp`gJLN«[]YiYX[(ViUW\>[]ULNViUo"aclg`gVX_FdWYaclb»p`gJLN¤Lleg`h"a]egVXe£}zNq_F`[]l£VXelNFYac`gVi}zNFYifegJL[]lg`bpU"acMONFYif*»
‖b1‖ ≤ β(d−1)/4vol(L)1/d ,
(JLNFlN
β = 1/(δ − η2).
<2*¢lNqs5dL_F`gVX[]U dLegd"acYiYif lN«¹NFle`[D`gJLNA«¹a]_F`[]l
(3/4, 1/2)
h*Nq_bacdLeN§`gJWVXea]e`gJLN_JL[]VX_qN
_q[]ULeVXsWNFlNqs ViU²`gJLN/[]lgVi\^ViU"acYZo"aco*NFlUGIJ(K¥ #dW``gJLN/_FYX[^eNFl
δ
acULs
η
aclNlNqego*Nq_F`gVi}zNFYif²`[
IacULs I®]P5`gJLNMO[]lNlNqs5dL_qNqsª`gJLNh"a]egVXeVXeb¥IJLN_FYa]eegVX_bacY(22acYi\z[]lgVi`gJWM []hW`acViULe¡ViU
o*[]Yif,UL[]M¡VacY7`gViMONZa3h"a]egVXelNqs5dL_qNqs(Vi`gJ«¹a]_F`[]l
(δ, 1/2)
(JLNFlN
δ
_bacUh*N|aclghWVi`glaclgViYif_FYX[^eN
`[ I^¥"IJLNZULNF¦22 2 acYi\z[]lgVi`gJWM (ViYiYa]_JWVXNF}zNa«¢a]_F`[]l[c« (0.998, 0.501) ¥  À 	 	 	  % 
Ä 
! IJLNh"a]eVX_2< acYi\z[]lgVi`gJWM GIJ(KVXesWNqe_FlgVih7Nqs°ViU EVi\^dWlN I^¥<³´`
_q[]M¡oWdW`Nqe|a¡22µ¢lNqs5dL_qNqs§h"a]eVXe(ViU§acU¬Vi`NFlac`gVi}zNº«¹a]egJWVX[]U2»L`gJLNFlNZVXeacU¬ViULsWN­
κ
egdL_J¬`gJ"ac`
ac`|acUf¾eg`ac\zNº[c«`gJLN3acYi\z[]lgVi`gJWM¬
`gJLNZ`glgdWUL_bac`Nqs¬h"a]egVXe
[b1, . . . , bκ−1]
VXe2<*¢lNqs5dL_qNqsµ¥
±`
Nba]_J/YX[p[]o/Vi`NFlac`gVX[]U2
κ
VXe NFVi`gJLNFl|ViUL_FlNFMONFUp`Nqs[]l sWNq_FlNFMONFU`Nqsµ»µ`gJLNYX[,[]oeg`[]oLe|(JLNFU
κNF}zNFUp`gd"acYiYiflNba]_JLNqe`gJLN¡}^acYidLN
d + 1
2ViU(JWVX_J¼_ba]eN¡`gJLNONFUp`gVilNOh"a]egVXe
[b1, . . . , bd]
VXe3acY
lNba]s5f¾2<*¢lNqs5dL_qNqsµ¥µ22°dLeNqe`´£[pViULsWe[c« []o7NFlac`gVX[]ULeb»
egacoLe|[c«%_q[]ULeNq_FdW`gVi}zN3}zNq_F`[]le

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[b1, . . . , bd]
!d
δ ∈]1/4, 1[  
	
	 *
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(δ, 1/2) 3 54 2687$%,#"9,#.";:;<=?>@  "  AA,#." µi,j B C!d ‖b∗i ‖2 B  D  κ:=2 %E .A" κ ≤ d @2i  <%F'"! #"%$&'" bκ $@ dG8HI)) B JAG2) #-,#.6LK!MG  DN >@*+.@&O.P$@7QR,#"'I,#."S:;<@= T  &U/ (δ − µ2κ,κ−1)‖b∗κ−1‖2 ≤ ‖b∗κ‖2 >@,#.@"]d κ:=κ + 1 g  V A";W*I7 bκ−1 8d bκ >%$7Q@),#"X,#.@"S:;<=Y8d("O, κ:= 6ZR[ (κ − 1, 2) \  =9$@,#7$%, [b1, . . . , bd] 
]+^`_acbadI.";)&S *JAG2) #,#.@6 
acULs#(ach"acV eULNbaclNqeg`oWYacULNacYi\z[]lgVi`gJWM GIKeNqN EVi\^dWlNPzL(JWVX_J/sW[,Nqeac`MO[^eg`
d
`glacULe#
Yac`gVX[]ULe>[c«(`gJLN«[]lgM
bκ:=bκ − mbi
2(JLNFlN
m
VXee[]MONOViUp`NF\zNFlOacULs
i < κ
¥npacoLe¡aclN
dLeNqs>`[ºa]_JWVXNF}zN<[b}^]eg_q[]ULs5Vi`gVX[]ULebz(JWViYXN #(ach"acV eacYi\z[]lgVi`gJWM VXe%dLeNqs>`[ZegVibN¢lNqs5dL_qN}zNq_
`[]le¥ !²JLNFUAa>egaco¬[p_q_FdWleb,`gJLNFlNZVXeUL[ULNqNqs¬eVibN¢lNqs5dL_FViUW\O`gJLN ULNF(YifegacoWo7Nqs¬}zNq_F`[]lb
h*Nq_bacdLeN Vi`VXeacYilNba]s5feVibN¢lNqs5dL_qNqsµ»W`gJWVXe(«¢a]_F`((ViYiY2h*N ViM¡oWYiVX_FVi`gYifdLeNqs¾ViU¬22 2 ¥
³¢«%22D`NFlgM¡ViU"ac`NqebLVi`VXe_FYXNbacl`gJ"ac``gJLNº[]dW`goWdW`h"a]egVXe(VXe2<*¢lNqs5dL_qNqsµ¥ !²J"ac`VXe(YXNqee
_FYXNbacl  b @!	@	£VXe(Jf¨22J"a]eOo*[]Yif,UL[]M¡VacY¢`gViMONA_q[]M¡oWYXN­5Vi`fz¥±e`acULsLacls aclg\^dWMONFU`
eJL[be`gJ"ac`Nba]_J¼egaco¼sWNq_FlNba]eNqe3`gJLNjd"acUp`gVi`f
∆ =
∏d
i=1 ‖b∗i ‖2(d−i+1)
hpfDac`3YXNba]eg`¡a
MdWYi`gVioWYiVX_bac`gVi}zN «¢a]_F`[]l
δ
q(JLNFlNba]e
∆ ≥ 1 h7Nq_bacdLeN`gJLN bi  eaclNViUp`NF\zNFl<}zNq_F`[]leb¥IJWVXeacYiYX[be
ccedfhg!i!jXk
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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[b1, . . . , bd]
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κ  	
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`[egJL[ `gJ"ac`Z`gJLN>UdWMh7NFlº[c«egacoLe¹acULs/`gJLNFlN«¹[]lN>`gJLN>UdWMh7NFlº[c«YX[p[]oVi`NFlac`gVX[]ULeVXe
O(d2 log B)
(JLNFlN
B
VXe acU>dWoWo7NFlh*[]dWULs>[]U¡`gJLN£UL[]lgMOe%[c«7`gJLNViUWoWdW`%h"a]egVXe}zNq_F`[]leb¥^³`lN
MacViULe`[ Nqeg`gViMac`N`gJLN_q[^eg`%[c«
Nba]_J>YX[,[]oVi`NFlac`gVX[]U2¥^IJWVXe_q[^eg``gdWlgULe[]dW``[h*N£sW[]M¡ViU"ac`Nqs
hpf
O(d2)
aclgVi`gJWMONF`gVX_Z[]o*NFlac`gVX[]ULe[]U`gJLNºRºn _q[pN_FVXNFUp`e
µi,j
acULs ‖b∗i ‖2
(JWVX_J¬aclN|la9
`gVX[]U"acY7UdWMh7NFle(Vi`gJUdWMONFlac`[]lacULssWNFUL[]M¡ViU"ac`[]l([c«2hWVi`#¢YXNFUW\^`gJ
O(d log B)
¥pIJdLebp`gJLN
`[]`acY2_q[]M¡oWYXN­5Vi`f¬[c«`gJLNº22¼acYi\z[]lgVi`gJWM sWNqe_FlgVih*NqsViU EVi\L¥IZ(Vi`gJL[]dW`(«¢a]eg`ViU`NF\zNFl aclgVi`gJ5
MONF`gVX_ºVXe
O((d2 log B) · d2 · (d log B)2)) = O(d6 log3 B) ¥
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B IJLN_q[^eg`[c«(`gJLNh"a]egVX_22²VXe3sW[]M¡ViU"ac`Nqs
hpfAaclgVi`gJWMONF`gVX_[]o*NFlac`gVX[]ULe|[]UA`gJLNR3n  _q[,N_FVXNFU`e|(JWVX_J/aclNºlac`gVX[]U"acYXe|(Vi`gJAJpdW\zN3Upd5
MONFlac`[]leacULssWNFUL[]M¡ViU"ac`[]leb¥2³´`VXe `gJLNFlN«¹[]lN>`NFM¡oW`gViUW\¬`[lNFoWYa]_qN¡`gJLN>N­Wa]_F`ZlNFoWlNqeNFU5
`ac`gVX[]U°[c«`gJLNRºn  _q[,N_FVXNFU`ehf§¶"[zac`gViUW\]¢o7[]ViUp`>acoWoWl[b­,ViMac`gVX[]ULeb¥ #dW`3sW[]ViUW\Ae[¬ViU°a
e`glacVi\^J`#«¹[]lgaclsMacUWULNFl3YXNba]sWe `[ViULeg`achWViYiVi`fz¥IJLNOacYi\z[]lgVi`gJWM VXe UL[YX[]UW\zNFlZ\^d"aclacU`NqNqs
`[h*No*[]Yif,UL[]M¡VacY¢`gViMON^»*Vi`Mabf§UL[]` NF}zNFU/`NFlgM¡ViU"ac`N^µh7Nq_bacdLeN3`gJLN>jpd"acU`gVi`f
∆
dLeNqs`[
dWoWo*NFl3h*[]dWULs`gJLN_q[]M¡oWYXN­5Vi`fD[c«22²UL[§YX[]UW\zNFl3ULNq_qNqee¯aclgViYifsWNq_FlNba]eNqe¡ac`Nba]_Jªegaco2¥
±ULs¨V«3NF}zNFl`gJLN§acYi\z[]lgVi`gJWM `NFlgM¡ViU"ac`Nqeb`gJLN§[]dW`goWdW`h"a]egVXeMaqf¨UL[]`h7NA22*¢lNqs5dL_qNqs
ac`acYiY¢2s5dLN¡`[¾o*[]`NFU`gVacYViU"a]_q_FdWla]_FfViU`gJLNRºn  _q[pN_FVXNFUp`eb¥<k%lgVX[]l`[¾`gJWVXeº[]lg72`gJLN
[]UWYif oWl[b}^achWYXN `"b22 a]e¾`gJLN/[]ULN[c«¡n,_JWUL[]lgl G w^~(K(JWVX_J¦egViMdWYac`Nqe¾`gJLN/h*NFJ"aq},VX[]l
[c«(22©dLegViUW\:`"b´acoWoWl[q­5ViMac`gVX[]ULe[c«`gJLN¡_q[,N_FVXNFU`e[c«`gJLN>ViUp}zNFleNOMac`glgV­[c«`gJLN
µi,jMac`glgV­µ» Vi`_q[]M¡oWdW`Nqea<2*¢lNqs5dL_qNqs²h"a]egVXeO(Vi`gJ©«¹a]_F`[]l
(0.95, 0.55)
¥(IJLN¬UdWMh7NFl[c«
YX[,[]oVi`NFlac`gVX[]ULe>acULs`gJLN>UdWMh7NFl>[c«(aclgVi`gJWMONF`gVX_[]o7NFlac`gVX[]ULeBViUDNba]_JDYX[p[]o
|lNFMacViUD`gJLN
e¯acMONAa]e2< »£[]UWYifª`gJLN¬_q[^e`[c«ZNba]_J aclgVi`gJWMONF`gVX_§[]o*NFlac`gVX[]U©VXeOsWNq_FlNba]eNqsµ¥£³´ULeg`Nba]s [c«
J"acULs5YiViUW\¾ViUp`NF\zNFle3[c«hWVi`#¢YXNFUW\^`gJ
O(d log B)
 G w^~(K%dLeNqe `"b¢UdWMh7NFle3(Vi`gJ
O(d + log B)

hWVi`YX[]UW\AMacUp`gVXeeZB(Vi`gJ¼Yaclg\zNJWVXsWsWNFU¼_q[]ULeg`acU`eba]eºMONFUp`gVX[]ULNqs¼ViU`gJLNOViUp`gl[ps5dL_F`gVX[]U

(JWVX_J¬sWNq_FlNba]eNqe(`gJLN|£[]le`#_ba]eNZ_q[]M¡oWYXN­,Vi`´f[c«22`[
O(d4 log B(d + log B)2)
,(JWVX_J
VXeeg`gViYiY_FdWhWVX_ViU
log B
¥)#Nq_bacdLeN`gJWVXe>acYi\z[]lgVi`gJWM VXeMO[^eg`gYif[c«`gJLNq[]lNF`gVX_bacY(ViU`NFlNqe`b<`gJLN
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!NUL[ sWNqe_FlgVih*N`gJLN(22 2 acYi\z[]lgVi`gJWM¬z(JWVX_JOVXe a|U"ac`gdWlacY`"b¢}^aclgVacU`[c«*22 ¥zIJLNh"a]eVX_
e`glac`NF\^fOVXe`[zNqNFo\z[p[,s `"b´acoWoWl[q­5ViMac`gVX[]ULe[c«2`gJLNZRºn ½_q[pN_FVXNFUp`eacULs`[MaczN egdWlN
`gJ"ac`egd _FVXNFU`a]_q_FdWla]_FfZVXeµoWlNqeNFlg}zNqs3s5dWlgViUW\`gJLN N­5Nq_FdW`gVX[]U[c«,`gJLN£acYi\z[]lgVi`gJWM¬¥9IJLNFlN%VXe2UL[
ULNqNqsOzNqNFoWViUW\acUacoWoWl[q­5ViMac`gVX[]U«[]lacYiYL`gJLN|Rºn ²_q[pN_FVXNFUp`eb»zh*Nq_bacdLeN<2¬VXe%Vi`NFlac`gVi}zN^
Vi`egd _qNqe`[J"aq}zNZacoWoWl[q­5ViMac`gVX[]ULe(dWo`[3`gJLN`gJWlNqegJL[]YXs
κ
¥5±(_q_FdWla]_FfOVXe}zNFlgfOViM¡o*[]lg`acU`
«¹[]lZegVibN¢lNqs5dL_F`gVX[]U°acULs«¹[]lº_JLNq_pViUW\A<[b}^]eg  eº_q[]ULs5Vi`gVX[]ULeb¥2³«£[]ULN>VXe UL[]`º_baclN«dWY¢µegacoLe
acULs¬`glacULegYac`gVX[]ULeMabfsWNq_FlNba]eNZ`gJLNºa]_q_FdWla]_Ff¾`[>`gJLNZo*[]ViU`[c«YX[^egViUW\Oeg`achWViYiVi`´fz¥
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³´`OVXeViM¡o7[]lg`acUp`«¹[]l<2 2 `[J"aq}zN/a]_q_FdWlac`NA«[]lgMdWYa]e«¹[]l`gJLN§_q[]M¡oWdW`ac`gVX[]U [c«3R3n 
_q[,N_FVXNFU`e¥L³U G w^P(KL`gJLN «[]YiYX[(ViUW\lNq_FdWlegVi}zNZ«[]lgMdWYa]e£NFlN3dLeNqsµ»
µk,j =
〈bk, bj〉 −
∑j−1
i=1 µj,i · µk,i · ‖b∗i ‖2
‖b∗j‖2
acULs ‖b∗k‖2 = ‖bk‖2 −
k−1
∑
j=1
µ2k,j · ‖b∗j‖2.
³´UA`gJWVXe«¹[]lgM3dWYa57`gJLN3ViUWULNFl|oWl[,s5dL_F`e 〈bk, bj〉 acULs ‖bk‖2 £NFlN>_q[]M¡oWdW`NqsViU `4bCzL(JWVX_JYXNba]sWe3`[Aao*[]`NFU`gVacYViU"a]_q_FdWla]_Ff[c«
2−`‖bk‖‖bj‖
2(JWVX_J°J"a]eZ`gJLN>«¹[]YiYX[b(ViUW\/s5laq(h"a]_7»
`[/NFULegdWlN`gJLNh"a]egVXe>lNF`gdWlgULNqsªhpf°`gJLN2< 2 acYi\z[]lgVi`gJWM VXe>egVibN¢lNqs5dL_qNqsµachLe[]YidW`N¾NFlgl[]l
h*[]dWULsWeº[]U`gJLN
µk,j
 e3aclN>ULNqNqsWNqsµ`gJLNFlN«¹[]lN^*V«`gJLN¡NFlgl[]lZVXeZYaclg\zNFlZ`gJ"acU
2−`‖bk‖‖bj‖

`gJLN oWlNq_FVXeVX[]U
`
M3dLeg`(h*N
Ω(log B)
¥,IJLNºacU"acYif5eNqe([c« G w^~(KLacULsUG wCIKµ«[]l`gJLN |[]dLeNFJL[]YXsWNFl
[]lg`gJL[]\z[]U"acYiVXe¯ac`gVX[]U/sW[UL[]`[]lg§acl[]dWULs§`gJWVXeo*[]ViU`b¥ !N3dLeN3egYiVi\^Jp`gYif¬s5V *NFlNFUp`«¹[]lgM3dWYa]e
hpfViUp`gl[ps5dL_FViUW\«[]l|acUf
k ≥ j `gJLNZjpd"acU`gVi`´f rk,j = µk,j · ‖b∗j‖2 = 〈bk, b∗j 〉
»
rk,j = 〈bk, bj〉 −
j−1
∑
i=1
µj,i · rk,i
acULs
µk,j =
rk,j
rj,j
.
±(_q_FdWla]_Ff¡VXe ViM¡oWl[b}zNqsh7Nq_bacdLeN`gJLN(ViUWULNFloWl[,s5dL_F`e£aclNN­,`gla]_F`NqsO«Bl[]M `gJLNN­Wa]_F`R lacM
Mac`glgV­3acULs3h7Nq_bacdLeNNba]_J3`NFlgM[c«W`gJLN egdWM¦UL[°[]UWYif lNqjdWVilNqe[]ULN%MdWYi`gVioWYiVX_bac`gVX[]UViULe`Nba]s
[c«(`´£[W»`gJLN¡«¹NF£NFl>aclgVi`gJWMONF`gVX_[]o*NFlac`gVX[]ULeb<`gJLNOYXNqee3`gJLNoWlNq_FVXegVX[]U°YX[^eeb¥EL[]l
k = j
2`gJLN
¤Lle`%«[]lgMdWYa VXe
rk,k = ‖bk‖2−
∑k−1
i=1 µk,i ·rk,i
](JWVX_JedW\^\zNqeg`e `[ºsWN¤LULN
sk,j = ‖bk‖2−
∑j−1
i=1 µk,i · rk,i
«¹[]l¬acYiY
1 ≤ j ≤ k (e[¼`gJ"ac` ‖b∗k‖2 = rk,k = sk,k
¥(IJLNjpd"acU`gVi`gVXNqe
sk,i
(ViYiYh*NZdLeN«dWY<`[a]_q_FdWlac`NFYif§_JLNq_§2[b}^]eg  e|_q[]ULs5Vi`gVX[]ULeb¥
³´ULsWNqNqsµ72[b}^]eg_q[]ULs5Vi`gVX[]U
(δ−µ2κ,κ−1)‖b∗κ−1‖2 ≤ ‖b∗κ‖2
_bacUh7NlNF(lgVi`g`NFUa]e
δ‖b∗κ−1‖2 ≤ ‖b∗κ‖2 +µ2κ,κ−1‖b∗κ−1‖2

`gJ"ac`VXeb
δrκ−1,κ−1 ≤ sκ,κ−1.
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bκ−1
acULs
bκ
acULs`gJLNULNF
<[b}^]eg3_q[]ULs5Vi`gVX[]UA`[>h*NZ_JLNq_zNqsA[]dWYXs¾h*N^»
δrκ−2,κ−2 ≤ sκ,κ−2.
IJpdLebeg`[]lgViUW\°`gJLN}^acYidLNqe
sκ,j
 eNFU"achWYXNqedLe`[¼_JLNq_ _q[]ULeNq_FdW`gVi}zN/2[}]]e/_q[]ULs5Vi`gVX[]ULe
B(JLNFU _q[]ULeNq_FdW`gVi}zN¬egacoLe[p_q_FdWl¯3(Vi`gJL[]dW`acUpfªa]sWs5Vi`gVX[]U"acY_q[^e`>eViUL_qN`gJLNFfªacoWo*Nbacl¡ViU
`gJLN_bacYX_FdWYac`gVX[]U[c«
rk,k
¥
IJLN>_q[]M¡oWdW`ac`gVX[]U[c«
rk,j

µk,j
acULs
sk,j
VXe|egdWM¡MaclgVibNqs/ViU`gJLN
e[c_bacYiYXNqsªÆ£JL[]YXNqeg,f E"a]_F`[]lgVXeac`gVX[]U¨±Yi\z[]lgVi`gJWM ¢Æ E5±Zº[c« E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ri,j B C!d µi,j B '> )A2dG *+-,#. ,#." sd,j B  3  M@2 i = 1 ,#2 d @2D  M2) j = 1 ,#2 i %2i  r(0)i,j :=〈bi, bj〉 T  M2 k = 1 ,#2 j − 1 %2g  r(k)i,j :=r(k−1)i,j − r(k−1)j,k · µi,k \  &U/ i > j > µi,j :=r(j−1)i,j /r(j−1)j,j k  =9$%,#7$%, ri,j :=r(j−1)i,j /12) i ≥ j j  =9$%,#7$%, µi,j /12) i > j    =9$%,#7$%, sd,j :=r(j−1)d,d /12 9!d j 
]+^`_aadI.@" 4 .2A "0M)&,#2 ##),#2!d *JAG2) #,#.@6 K 4 M * N
[]ULNºdLeNqe `4b?^W`gJLNºN­La]_F`(}]acYidLNqeaclNZdWUWpUL[(UA`[>`gJLN3acYi\z[]lgVi`gJWM¬»"ViULeg`Nba]sµL[]ULNº_q[]M¡oWdW`Nqe
`"b´acoWoWl[b­,ViMac`gVX[]ULe
r̄i,j

µ̄i,j
acULs
s̄k,i
¥%np`NFoLe¡v§acULs JaclNo*NFl#«[]lgMONqs¼ViU¼`gJLNO«¹[]YiYX[b(ViUW\
aqf*»
r̄
(k)
i,j :=o
(
r̄
(k−1)
i,j − o
(
r̄
(k−1)
j,k · µ̄i,k
)) acULs
µ̄i,j:=o
(
r̄
(j−1)
i,j /r̄
(j−1)
j,j
)
.
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s5dWlgViUW\`gJLNN­WNq_FdW`gVX[]U¨[c«(`gJLNacYi\z[]lgVi`gJWM¬»h*Nq_bacdLeNO`gJLN[]lg`gJL[]\z[]U"acYiVXeac`gVX[]UªVXe3o*NFl#«¹[]lgMONqs
}zNq_F`[]lhf }zNq_F`[]lbb`gJLNFlNVXeµUL[ULNqNqsºlNq_q[]M¡oWdW`gViUW\|NF}zNFlgf,`gJWViUW\«l[]M½e_Flac`_J3V«W`gJLN
ri,j
 eacULs
µi,j
 e(aclNZacYilNba]s5f,UL[b(U«¹[]l
i
acULs
j
h*NFYX[b e[]MON|`gJWlNqegJL[]YXsµ¥5{|[]`gVX_qNZacYXe[`gJ"ac``gJLN
ri,j
 e
_bacUh7NdWo7sLac`Nqs:^ViUoWYa]_qN _ ,N­W_qNFoW`«¹[]l rd,d h*Nq_bacdLeN`gJLN|s5V *NFlNFUp` r(j)d,d = sd,j
ULNqNqsOh*NFViUW\
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∣
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∣
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∣
∣r̄
(k−1)
d,j − r
(k−1)
d,j
∣
∣
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∣
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∑
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≤ 1.504 · d1.503d−i+10ρj+10M ′2−`,
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+0.501 · 1.503d−i+10M ′2−` + |µ̄(i+1)d,j − µ
(i+1)
d,j |
≤ |µ̄(i+1)d,j − µ
(i+1)
d,j | + 1.506 · d1.503d−i+10ρj+10M ′2−`
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≤ (d − i)dρd+14M ′2−` + dρd+14M ′2−` hpfdLeViUW\O`gJLN|«¹a]_F``gJ"ac`
j ≤ i − 1 acULs 1.506 · 1.50311 < ρ5 ¥WIJWVXe(\^Vi}zNqe`gJLNZeNq_q[]ULs¬o"aclg`[c«  jpd"ac`gVX[]U
(∗) «[]l i ¥E"[]l`gJLNº¤Lleg`o"aclg`b
£NdLeNZ`gJLN3«¹a]_F``gJ"ac` |xk| ≤ 1.503d−k+9(1 +
2−`)M ′
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k ≥ i Le[>`gJ"ac`£Nº[]hW`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|µ̄(i)d,j| ≤ |µ̄
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(i)
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d−1
∑
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d−1
∑
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1.503d−k+9 + (d + 1 − i)dρd+14M ′2−`
≤ M + 1.001 · 0.501
0.503
· (1.503d−i+10 − 1.50310)M ′ + 0.001M ′
≤ 1.503d−i+10M ′ − 0.5.
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